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Analysis of Waveguide Discontinuities Using
Edge Elements in a Hybrid Mode Matching/Finite
Elements Approach

D. Arena, M. Ludovico, G. Manar&enior Member, IEEEand A. Monorchip Member, IEEE

Abstract—A mode matching (MM)/finite element method
(FEM) for the analysis of waveguide discontinuities is presented.
The hybrid approach described combines the computational

(1) o
efficiency of the modal analysis with the versatility and flexibility
of FEM and enables us to accurately model arbitrary cross 21 E
section waveguides, where modal expansions cannot be derived d
o

analytically. The proposed procedure is based on the edge element
expansion of the transverse field components for the direct calcu-
lation of the coupling integrals involved in the MM formulation.
Numerical and experimental results are presented to show the

validity and the accuracy of the method. Fig. 1. Waveguide stepped discontinuity problem.
Index Terms—Finite elements method, hybrid methods, mode . . .
matching. to exploit the effectiveness and the accuracy of a different ap-

proach based on a standard Delaunay triangulation of the anal-
ysis domain and on the use of edge elements for the expansion
|. INTRODUCTION of the transverse field components. Edge elements have proven
UE to its numerical efficiency, mode matching (MM)effective for the calculation of waveguide eigenfunctions even

analysis has been widely employed for designing wavi the presence of dishomogeneities [7] and field singularities
guide components, such as transformers, polarizers, coupl&8,In our case, Whitney’s elements are used in formulating the
filters, and multiplexers. This method is well-suited to handIBEM, providing a straightforward procedure for the calculation
geometries where modal expansions of electromagnetic fieRfghe coupling integrals involved in waveguide discontinuities
can be derived analytically. Conversely, the finite elemeanalysis.
method (FEM) is well-suited for the analysis of complex and
irregular structures, since it employs an unstructured mesh that Il. FORMULATION

conformsl to t.hese ggomet”e,s' i The geometry of the problem is depicted in Fig. 1. It
The objective of this paper is to present a hybrid scheme thah osents a boundary reduction discontinuity between a
combines the above two methods in order to retain the advailngard (rectangular or circular) waveguide (region 1) and an
tages of both techniques. In particular, MM is used all over thafy; ary cross section homogeneous waveguide (region 2). The
part of the (.:omputat|o.nal domaln where an analytlgal SOIUt'O”éﬁproach, however, can be easily generalized to every kind of
known, while waveguides with arbitrary cross section are angljirary cross section to arbitrary cross section waveguide step.
ized by means of a FEM approach. Examples of hybridization ¢fe aim is that of computing the generalized scattering matrix

the two methods have been recently proposed in the Iiteratu(réSM) of the waveguide discontinuity. It can be obtained by

In [1] and [2], a hybrid MM/FEM technique is proposed for ho'calculating the following integrals [9]

mogeneous waveguide problems, based on a nodal functions ex- W @)
pansion of scalar potentials [3]. In [4] and [5], an approach com- Amn I// (Qn X by, ) “1.dS (1a)
bining MM with both two-dimensional (2-D) and three-dimen- Sa
sional (3-D) formulations of FEM is introduced, using covariant . . A\
nal (3-D) form d, using . PO = [ [ ()0 ias (1b)
projection quadrilateral elements [6]. The aim of this work is n n n #
S;
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guide 2 are calculated through a FEM solution of the Helmholtz
vector wave equation

Vi x (Ve x F) = (kg = %) E = 0. @ A

In (2), V; denotes the two-dimensional gradient operating on i ’
the coordinates of the transverse plaids the free-space prop- i S LA
agation constantj is the phase constant along thalirection, ]
and [’ coincides with either the transverse electric fiélg or " -
the transverse magnetic fiel, for TE and TM modes, re-
spectively. Air-filled (€r = 1 and e = 1) Waveguides have Fig. 2. Geometry of the junction under investigatidn & 20 mm, w =
L .. 6 mm,h = 4.5 mm).

been assumed for the sake of simplicity.

The field is, therefore, expanded over the waveguide cross
section using the edge-based Whitney’s vector functionsThe termsI'M/TE can be proved to be identically zero [12].
W (z,v). By introducing a set of test functiori(z,y), after An analogue procedure can be used for the integ‘f’é% de-
some manipulations, we obtain the so-called weak form @Red in (1b). Finally, we point out that, for evaluating the fre-
(2) that can be discretized by using a triangular grid and tieglency independent coupling integrals in (5), a standard Gauss
edge-based field expansion functions. Additionally, a Galerkiridimensional quadrature formula, employing three points per
procedure, i.eL(z,y) = W(x,y), is employed. Assembly of element can be satisfactorily used. A frequency sweep can be
the element equations yields the global matrix equation syst@gtained simply updating the multiplying factors depending on
10 K.
1o Once the GSM of the single discontinuities have been evalu-
K -F= VK- F (3) ated, the analysis of an overall component can be carried out as

. - . ] _asequence of scattering matrix connections and reference plane
where the entries of the matrices can be cast in the followigg;ss.

form

B o=
S g ¥

It is worth observing that the accuracy of the MM/FEM anal-
kvi; 2//(% x W) - (Vt « Ej) dzdy ysis is mainly affected by two different factors, i) the number of
triangles constituting the mesh grid and their geometrical prop-
o2 erties and ii) the number of modes used for representing the
ki; ://E7 - W dxdy (4) fields at waveguides discontinuities.
In order to avoid the well-known problem of relative conver-

S.
’ ence [13], we selected the appropri@ie andTM expansions

with ij representing the global numbering of_edges_. It %V means of the spectral criterion, briefly summarized by the
apparent that (3) represents a standard generalized elgenv?oHe

problem. In particular, eigenvalue$ correspond to the square owing points: ) )

of the modal transverse eigenvalues (cut-off numbers), while 1) for each expansioril2 and TM) and for each side of

eigenvectors”, denote the values of the transverse field along the discontinuity, modes are searched and ordered by in-

the edges of the triangular mesh corresponding toqttte creasing cut-off frequency; _ _

mode. ForTM modes ¢ = H,), the number of unknowns 2) the number of modes is chosen in order to hav_e approxi-

equals that of global edges, whereas i modes ¢ = E,) mately the same cut-off wave numbet™ for the highest

the number of unknowns equals the number of inner edges, Mode considered in eadf or TM expansion.

being E, identically zero at boundary edges. For nearly-uniform meshes, the following reference criterion
To keep advantage of the sparse nature of the generalif@gdetermining the value of*** has been adopted

eigenvalue problem (3), an implicitly restarted Arnoldi algo- jmax o o ©6)

rithm [11] can be suitably employed in order to evaluate the ¢ Loy

Iowe;t nonva_nlshlng e|genvalges and the co_rrespondmg e'gﬁ}?ferelav is the average length of the edge constituting the mesh.
f_unc'uons. Th|§ app(rg))ach p";"'des an approxma_ted_represer)iq/-alue ranging from 0.5 to 0.7 must be assumedfor his ex-

tion of modal fieldsey; andh;? to be used in coupling integrals ,, essjon relies on the consideration that the element size has to
calculation. Since transverse electric and magnetic fields are gli- sufficiently small with respect to the smallest cut-off wave-
rectly available fof['E: andTM modes respectively, (1) can b&gngih of the relevant modes in order to interpolate correctly

rewritten as tangential fields.

reyre) _ K W) . @
A - Wit // [Q" FEm ] 45 (5a) Ill. NUMERICAL RESULTS
S.

KW ; Some numerical results are presented in this section to
ASTM/TM) 2 // [bg) A ] ds (5b) demonstrate the effectiveness of the hybrid technique proposed.
’ we 2 As a first step, we analyzed the junction in Fig. 2, where

a standard WR75 rectangular waveguide is connected on both
A;?,E/T“” I//lel) . [ﬁﬁﬁ) X Lz] ds. (5¢) sides to a ridged waveguide 20 mm long. The metallic ridge is
5 6 mm wide and has a height of 4.5 mm. The ridged waveguide
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leading to 11TE and 5TM modes in the cross irises and,
consequently, 56I'E and 40 TM modes in the rectangular
waveguides. The accordance between measured and computed
parameters obtained for both the case-studies confirms the ac-
curacy and the effectiveness of the hybrid technique proposed.

IV. CONCLUSIONS

A hybrid technique for solving waveguide discontinuity prob-
lems has been presented; it employs an edge-based finite ele-
ment approach for determining modal expansions in the case of
arbitrary shaped waveguides and an MM procedure for the eval-
uation of the GSM of a discontinuity. Some numerical and ex-
perimental results have been reported in order to show the accu-

racy and the computational efficiency of the proposed method.

Fig.3. Amplitude and phase 6%, versus frequency for the junction in Fig. 2.
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Fig. 4. Transmission and reflection coefficients for the cross-iris coupled filter [4]
(continuous line: calculatest;  ; dashed line: calculates} ; ; dots and triangles:
[13]). 5]
has been meshed by using a triangular grid comprising 344 eI—[G]

ements with 550 edges (70 boundary edges). For the grid con*
sidered, the expression (6) gives a boundary of 2thfor the
value of k2>, By selecting the modes according to the spectral [7]
criterion and fixingk#2* = 1.8 mm~1, the first 50TE modes

and 31TM modes have been taken into account into the ridgeds]
waveguide, while the first 5% E modes and 40'M modes have
been considered into the rectangular waveguide.Jihescat-
tering parameter obtained in this case is plotted in Fig. 3. The
analysis has taken about 40 s for 20 frequency samples onl¥]
250 MHz RISC processor of a SGI Origin 2000. To have a term
of comparison, the same structure has been analyzed with tha]
commercial software Ansoft HFSS, based on a full 3D FEM
formulation. A 3012 tetrahedral elements mesh was employed
and the required CPU time on the above-mentioned processgr]
was about 4 min for a 20 points fast-frequency sweep.

As a second example, in Fig. 4 we present the caIcuIatioEB]
of the transmission and reflection coefficients of the WR 62
cross-iris coupled filter described in [14]. In this case, the cros
irises have been discretized using a mesh of 154 elemen
(249 edges). The correspondihg}®* boundary was 2.2 mmt

(9]
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